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Abstract. We explore the relationship between limit spaces of contracting self-similar 
groups and self-similar structures. We give the condition on a contracting group such that 
its limit space admits a self-similar structure, and also the condition such that this self- 
similar structure is p.c.f. We then give the necessary and sufficient condition on a p.c.f. 
self-similar structure such that there exists a contracting group whose limit space has an 
isomorphic self-similar structure; in this case, we provide a construction that produces such 
a contracting group. Finally, we illustrate our results with several examples. 



1. Introduction 

The theory of self-similar groups developed as a part of geometric group theory in the last 
decades. In this theory, many exotic groups (such as groups of intermediate growth, non- 
elementary amenable groups, and infinite finitely generated torsion groups) could be easily 
described by their actions on a rooted tree HGri80l lGri84l IGS83I IBGS03I . More recently, a 
close relationship between the theory of self-similar groups and fractals has been discovered 
and studied |BGN03 Nek05 NT08 1. This survey aims to clarify this relationship by closely 
examining the correspondence between self-similar groups and self-similar structures on 
fractals. 

The standard reference on the theory of self-similar groups is [Nek05|. A self-similar 
group is an automorphism group acting on the rooted tree in a recursive manner. Every 



contracting self-similar group G (see Definition 2.4 1 induces an asymptotic equivalence 
relation on the boundary of the rooted tree (i.e. the space of left- finite words), and the quo- 
tient space of the boundary of the rooted tree by this equivalence relation is called the limit 
space Jg of the self-similar group. G does not act on Jq, but rather contains information 
about the adjacency of cells of Jq and describes its fractal-like properties. 

Of these properties, we are most interested in the self-similarity of the limit space; to ex- 
amine this, we employ the notion of self-similar structures, which is fundamental in analysis 
on fractals. Self-similar structures have been extensively studied in [KigOl ]. A self-similar 
structure is a finite set of injections from a compact space K to itself, such that K is covered 
by the union of the images. By repeatedly applying these injections, each point in K can 
then be given some addresses in the code space, which can be identified with the boundary 
of a rooted tree; in this way, K can also be viewed as a quotient space of the boundary of 
the rooted tree. Many well-known fractals can be given a self-similar structure. 

To capture the self-similarity of the limit space of a contracting self-similar group, we 
only consider the self-similar structure on the limit space where the two quotient maps men- 
tioned above are the same. Such a self-similar structure may not exist (see Example |6.1) , 
but if it does, then the action of the group can aid the development of analytic properties 
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of the limit space (see [NT08 ]). A natural question arises: Under what conditions on the 
self-similar group does this self-similar structure exist? We attempt to give an answer in 
Theorem [33] 

In the second half of the paper, we focus on post-critically finite (p.c.f.) self-similar 
structures on limit spaces. A p.c.f. fractal is one where the cells of the fractal only intersect 
at finitely many points, and these points have finitely many addresses. This is a broad class 
of fractals on which the methods to develop a Laplacian, as well as an analogous Gaussian 
process, are known. For more details on p.c.f. self-similar structures and their analytic 
properties, see [Kig93, KigOl IStr06L We investigate the conditions for which the self- 



similar structure on a limit space is p.c.f. (see Theorem 4.7 1. We also attempt to answer the 
inverse question: Given a p.c.f. self-similar structure, can we find a contracting self-similar 
group whose limit space has an isomorphic self-similar structure? In Section [5] we shall 
identify the condition on the self-similar structure (Theorem |5.9| l such that the answer is 
affirmative, and attempt to directly construct a contracting self-similar group in this case. 

In practice, we see that certain fractals, equipped with any self-similar structure, cannot 
arise as the limit space of a contracting action. This includes both non-p.c.f. fractals (such as 
the diamond fractal) and p.c.f. fractals (such as the Linstr0m snowflake). For some fractals 
(including the Sierpiriski gasket and the pentakun), a contracting group can be found only 
for some (and not all) self-similar structures on the space. Also, we shall exhibit that two 
contracting groups that are not isomorphic can have the same limit space with the same 



self-similar structure in Example 6.4 



This paper is organized as follows. We begin with a brief review of the basic definitions 
of self-similar groups and limit spaces in Section[2] Section[3]makes precise the notion of 
the self-similar structure on a limit space, and gives the condition on the contracting group 
that ensures the existence of this induced self-similar structure. Building on the work in 
IBN031 INT081 . we discuss p.c.f. self-similar structures on limit spaces in Section|4] and in 
particular give the condition for the self-similar structure on a limit space to be p.c.f. In 
Section[5] we address the inverse problem: We detail a construction that, given a p.c.f. self- 
similar structure with a certain necessary condition, produces a contracting self-similar 
group whose limit space has an isomorphic self-similar structure. Finally, Section [6] is a 
compilation of examples illustrating the findings of this paper. 

Acknowledgements. The authors wish to thank Alexander Teplyaev for his guidance on the 
direction of research, and Robert Strichartz and Volodymyr Nekrashevych for their advice 
and observations, which were very helpful in writing this paper. 

2. Preliminaries 

We begin by reviewing the basic definitions in the theory of self-similar groups. For 
more details, see OBGN03IINek05llNT08l . 

Let X be a finite set, called the alphabet. We denote by X" all finite words w = 
x n . . . X2X1 of length n over X, where Xi <E X. The length of the word w is denoted by 
\w\. The set of all finite words, including the empty word 0, is denoted by X* = U^Lo 
The set X* has a natural structure of a rooted tree with the root 0, where a word w £ X* is 
connected by an edge to each of the words of the form xw, where x E X. 

Consider the set X _LJ = {. . . £2X1 : %i G X} of all left-infinite words. There is a natural 
topology on the disjoint union X* U X~ w given by the basis consisting of open sets of the 
form X*w U X _u w, where X*w and X~ u w denote the sets of words ending by the finite 
word w. In this topology, X _LJ is homeomorphic to the countable product of the discrete 
set X, and therefore to the Cantor set. 
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For all w £ X*, we identify w with the map w : — > X - ", defined by w(. . . = 
. . . xiX]W. We also define the shift map a : X~ w — > X _LJ by a(. . . X2X1) = . . . x^x 2 . 

An automorphism of the rooted tree X* is a permutation of X* that fixes and preserves 
adjacency of the vertices. The group of all automorphisms of X* is denoted by Aut X*. We 
shall denote the identity automorphism by 1. Every automorphism g £ AutX* preserves 
the levels, so that |<?(if)| = \w\ for every w £ X*. 

Let g € Aut X* . If we identify the first level X 1 of the rooted tree with X, then the 
restriction of g to X 1 is a permutation of X, which will be called the root permutation of g 
and denoted a g . For every x € X, if we identify both the subtrees gX* and o- g (x)X*, then 
the restriction of g to xX* is another automorphism of X*, called the restriction of g at x 
and denoted g\ x . Then we can write g(xw) = a g (x)g\ x (w) for all x € X and w € X*. 

More generally, for each v £ X* we identify the subtrees vX* and g(v)X* and write 
g(vw) = g(v)g\ v (w). (We define p| = g.) Then we have the basic identities 

9\V\V-2 = 9\Vl \V 2 > 

(9l92)\v = 9l\g 2 (v)92\v 

This gives us 

gig 2 {.xw) = gi92{x)g 1 \ g2{x) g 2 \ x {w). 
We shall also use the "wreath recursion" notation to express this. If X = {0, . . . , k — 1}, 
then 

g = <rg(g\o,g\i,---,g\k-i), 

gi92 = cr g 1 cr g 2 (9l\<7 g2 (0)92\o, ■ ■ ■ , 9l U S2 (k-l)02 |fe-l)- 

Definition 2.1. A faithful action of a group G on the rooted tree X* is said to be self-similar, 
or state-closed, if for every g £ G and every x £ X there exist h £ G and y £ X such that 
g(xw) — yh(w) for every w e X*. 

We will denote such an action as (G, X). If g(xw) = yh(w), then obviously y = g(x) 
and h — g\ x . We will also write g ■ x — y ■ h. Given a faithful action of G on X*, 
there is a natural isomorphism between G and a subgroup of Aut X*, with which it will be 
identified. Thus, we will also use the terms self-similar subgroup of Aut X* and self-similar 
automorphism group to describe a self-similar action. 

A set S C Aut X* of automorphisms is said to be state-closed if the restriction of every 
g £ S to every x £ X is also in S. If every element of S has finite order, then the group 
G = (S) is self-similar. 

The notion of a self-similar action is closely related to that of an automaton llECH + 92l 
IWol02l . 

Definition 2.2. An automaton A over the alphabet X is a set of internal states, also denoted 
A, together with a map t:AxX— >XxA. 

An automaton is finite if and only if its set of internal states is finite. If r(q, x) — (y,p), 
we will also write formally q ■ x = y ■ p. For every state q £ A, we can define the action of 
the state q on all finite words w = x n . . . x^X\, by processing the letters one by one: it reads 
the first letter x of w, outputs the letter p = q(x), goes to the state y — q\ x and goes on to 
read the next letter. At the end it will give as output some word q(w) where = \w\, 

and stop at some state of A. 

An automaton A is often represented by its Moore diagram, which is a directed graph 
with the set of vertices A, in which for every x £ X and every q £ A, there is an arrow 
from q to q\ x labeled (x, q(x)). Then for q £ A and w = x n . . . x 2 x\ £ X* , the image 
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(0,0) 



^^uV ^ <• :o(i.ui 






Figure 2.1. Nucleus of the binary adding machine 

q{w) under the action of the state q can be found by finding a path in the Moore diagram 
which starts at q with consecutive labels of the form {x\, yi), (X2, 2/2), ■ ■ ■ , (^nj then 

= 2/n ■ • -2/22/1 ■ 

The relationship between self-similar actions and automatons is illustrated below. 

Definition 2.3. Let (G, X) be a self-similar action. An automaton A is said to be the com- 
plete automaton of G if its set of internal states is G and the action of the states coincides 
with the action of G. 

It is routine to prove that there is a one-to-one correspondence between the self-similar 
actions and their complete automatons. Henceforth, we will identify a self-similar action 
with its complete automaton, and denote a state of the automaton by its corresponding group 
element g. 

Definition 2.4. A self-similar action is said to be contracting if there exists a finite set 
Af C G such that for every g g G, there exists k G N such that g\ w £ Af whenever 
\w\ > k. The smallest such Af is called the nucleus of G. 



Figure 2.1 shows the Moore diagram of the nucleus of the binary adding machine, one 



of the simplest contracting self-similar groups. For more on this group, see Example 6.1 

Contracting self-similar actions have an associated topological space, which we describe 
below. 

Definition 2.5. Let (G, X) be a contracting action. Two left-infinite words . . . £2X1 , . . . J/2J/1 
X - " are said to be asymptotically equivalent if there exists a sequence {gfc} fe>1 of group 
elements, taking only finitely many values, such that g[x\- . . . x%x\) =Uk ■ ■ ■ 2/22/1 for every 
k > 1. The quotient space of X~" by the asymptotic equivalence relation is called the limit 
space of the action and is denoted Jq\ we denote the quotient map by p : X~" — > Jq, 

We shall use the following more useful characterization of asymptotic equivalence. 

Theorem 2.6 (|Nek05| Theorem 3.6.3). Let (G,X) be a contracting action. Two left- 
infinite words . . . X2X1, . . . 2/22/1 G X~ w are asymptotically equivalent if and only if there 
exists a left-infinite path . . . e2&\ in the Moore diagram of the nucleus such that the edge e n 
is labeled by (x n , y n ). 

The topological space Jq is compact, metrizable and has topological dimension less 
than the size of the nucleus. 



Figure 2.2 shows the Moore diagram of the nucleus of the 3-peg Hanoi Towers Group, 



which is a we ll-known contracting self-similar group. Its limit space has been sh own in 



|GS06, GS08 1 to be the Sierpiriski gasket. For more about this group, see Example 6.2 

We now mention a property of the quotient map p, and the definition of the induced shift 
map s. 
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Figure 2.2. Nucleus of the 3-peg Hanoi Towers Group 



Proposition 2.7. Let Jq be the limit space of a contracting action (G, X) with the quotient 
map p : — > Jq. Then p{. . . X2X1) = p{. . . Z/2J/1 ) implies that p{. . .x n +ix n ) — 
p(. . . Hn+iVn) for all n G Z + . In particular, the induced shift map s : Jq — > Jq defined 
by sop — poo is well-defined. 

Proof. Since p(. . . x<ix\) — p(. . . 2/22/1), the left-infinite words . . . X2X1 and . . . y 2 yi are 
asymptotically equivalent. Thus, there exists a left-infinite path . . . e2ei in the nucleus 
where the label of the edge e& is (xk,yk)- Then the left-infinite path . . . e„ +1 e„ gives 
the asymptotic equivalence between . . . x n +\x n and . . . y n +iy n , and so p(. . . x n+ ix n ) — 
p(...y n+1 y n ). D 

Finally, we introduce the notion of a tile. 

Definition 2.8. Let Jq be the limit space of a contracting action. For each w g X* such 
that \w\ = n, the n th level tile T w is defined as the image p(X~ u w) in Jq. 

3. SELF-SIMILAR STRUCTURES ON LIMIT SPACES 

An important aspect of a fractal is its self-similarity. To make the adjective "self-similar" 
precise, we adopt the following definition: 

Definition 3.1. Let if be a compact metrizable topological space, and let Fi : K — > K be 
a continuous injection for each i E X, then the system C — (K, X, {-Fi} i6X ) is said to be a 
self-similar structure on K if there exists a continuous surjection n : X~" — > K such that 
the relation Fj o 71- = tt o i holds, where i(w) — wi for all i 6 X. In this case, for each 
w = x n . . . x 2 xi G X*, we define F w by F w — F Xl F X2 o . . . o F Wn , and the n th level cell 
K w tobeK w = F W (K). 

Many well-known fractals, such as the Sierpiriski gasket and the pentakun (see Fig- 



3.1 has self-similar structures. For more details on these structures, see Examples 6.2 



and 16. 51 

It is shown in [KigOl | (Proposition 1.3.3) that if C — (K, X, {F} igX ) is a self-similar 
structure on K, then tt is unique. Therefore, given a self-similar structure on K, we can 
discuss its surjection tt. 
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Figure 3.1. Sierpriski gasket and pentakun 



We are interested in the self-similar structures on the limit space of a contracting action. 

Condition 3.2. A continuous surjection tt : — > K is said to satisfy this condition if 
7r(. . . X2X1) — 7r(. . . 2/22/1) implies that ir(. . . x 2 x\%) = ir(. . . 2/22/1*) f° r eac h i £ X, and 
consequently ir(. . . x 2 xiw) — tt(. . . y 2 yiw) f° r eacn w £ X* . 

Proposition 3.3. Let Jq be the limit space of a contracting action (G, X). There exists a 
self-similar structure C — (Jq,X, {F} igX ) on ^G> such that the associated continuous 
surjection ir is the quotient map p : X~" — > Jq, if and only if the quotient map p satisfies 
Condition\3.2\ 



Proof. Suppose first that p satisfies Condition 3.2 , then p{. . . X2X1) = p(. . . 2/22/1) implies 
that p(. . . x 2 x\i) — p(. . . 2/22/1*) f° r eac h i € X. As a consequence, if we define Fi by 
Fi o p = p o i, we see that Fj is well-defined and continuous. Moreover, F, is injective for 
each i. Indeed, if F(p(. .. x 2 x{)) = F(p(. .. 2/22/1)), then p{. .. x 2 xii) = p(. . .y 2 yii), 
and so by Proposition 2.7 p(. . . x 2 xi) = p(. . . 2/22/1)- Therefore, C — (Jg, X, {Fi} ieX ) is 



a self-similar structure on Jq with p being the associated continuous surjection. 

Conversely, suppose that there exists a self-similar structure C = (Jq, X, {F} igX ) 
on Jq, such that the associated continuous surjection is p. Suppose that p{. . . x 2 xi) — 
p{- ■ ■ 2/22/i)- Since F w is well-defined for every w £ X*, we see that 

p(. ..x 2 X!w) = F w (p{. ..x 2 xi)) = F w (p(. . .2/22/1)) =p(- ■■V2V1W), 

and so Condition E2] is satisfied. □ 

Hereafter, if we say that a limit space Jq has a self-similar structure, we mean that 
there is a self-similar structure on Jq such that the associated continuous surjection tt is 
p. In particular, we shall refer to the self-similar structure defined in the proof above as the 
self-similar structure on the limit space Jq. 

We now wish to investigate which contracting actions have a limit space with a self- 
similar. We shall see that they are exactly those contracting actions satisfying the following 
condition. 

Condition 3.4. A contracting action (G, X) is said to satisfy this condition if for every left- 
infinite path e = . . . e 2 ei in the nucleus ending at a non-trivial state and for every w £ X*, 
there exists a left-infinite path / = . . . /2/1 in the nucleus ending at a state g, such that the 
label of the edge /„ is the same as the label of e„, and g(w) = w. 
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Theorem 3.5. The limit space Jq of a contracting action (G, X) has a self-similar structure 



if and only if (G, X) satisfies Condition 3.4 



Proof. We are to show that (G, X) satisfies Condition 3.4 if and only if the quotient map 



3.2 



then we can apply Proposition 



3.3 



to arrive at the 



p : A " — > Jq satisfies Condition 
desired conclusion. 

Suppose first that (G, X) satisfies Condition 3.4 Let p(. . . xix\) = p(. . . y2Ui), then 
. . . x 2 xx is asymptotically equivalent to . . . y-zVx- Therefore, there exists a left-infinite path 
. . . e2ei within the nucleus passing through the states . . . 52ffi5o^ where the label of the 
edge e n is (x n ,y n ). 

If go = 1, then it is evident that . . . X2X1W is asymptotically equivalent to . . . yny\w for 
all w E X*, and so p(. . . X2X\w) — p(. . . y2y\w). 

If go 7^ 1> then by Condition 3.4 for each w E X*, there exist a state h E Af and a 
left-infinite path . . . /2/1 within the nucleus ending at h, such that the label of /„ is also 
(x n ,yn), and that h(w) = w. Then . . . X2X\w is asymptotically equivalent to . . . y2y\w, 
and so p(. . . X2X1W) 



p(- ■ ■ y2yiw). Therefore, p satisfies Condition 3.2 



Conversely, suppose that p satisfies Condition 3.2 Let e = . . . e2e\ be a left-infinite 
path in the nucleus ending at a non-trivial state, where the label of the edge e„ is (x n ,y n ). 
Then p(. . .x 2 Xi) = p(. . . V2Vi)- By Condition |3~2{ p(. . . x 2 xiw) = p(. . . y 2 yiw) for 
every w E X*. Thus, there exists a left-infinite path f — . . . /2/1 in the nucleus ending at 
the state g, such that the label of the edge /„ is also (x n , y n ), and g(w) = g. □ 



Henceforth, whenever we discuss a limit space with a self-similar structure, we shall use 
7T to denote both the surjection and the quotient map. 

For a limit space with a self-similar structure, the notion of a cell and a tile coincides. 



(iTc?) X, {Fi} i€X ) be the self-similar structure on the limit space 

Then for each w E X*, the n' h 



3.4 



Proposition 3.6. Let C 

Jq of a contracting action (G, X) satisfying Condition 
level tile T w and the n' h level cell F w (Jq) are the same set. 

We end this section by proving a strengthened version of Proposition 4.4 of |JNT08 1 . 

Proposition 3.7. Let C = (Jq , X, {Fi} ieX ) be the self-similar structure on the limit space 



Jq of a contracting action (G,X) satisfying Condition 3.4 Then the restriction of the 
induced shift map s : Jq — > Jq onto the tile 7 wi — F wi (Jo) is equivalent to F^ 1 : 
Twi —> T w for every w E X* and i E X. 

Therefore, the restriction of the induced shift map s onto the tile Tim is a homeomorphism 
s : Twi — ► Tw for every w E X* and i E X. In particular, the tiles are homeomorphic to 
the limit space Jq. 

Proof. It is evident that the restriction of s : Jq — > Jq onto the tile T W i is the map 
s : Twi Tv- Consider now the restriction of Fj onto T w , which is the map Fi : T w — > Tni- 
On the set X~ w wi of left-infinite words that end in wi, we have that Fj o so it — FiOirocr = 
n o i o a = it, and so we see that s and Fi are inverses of each other. 

The map Fi is continuous by definition. Since s is bijective and continuous, and its 
inverse is also continuous, we obtain that s : T W i —> T„ is a homeomorphism. □ 



4. The limit space of a p.c.f. action 

We now turn to a class of self-similar structures that is important in analysis on fractals, 
namely post-critically finite (or p.c.f.) structures. The criterion for the limit space of a 
contracting action to be finitely ramified has been shown in [BN03 1, and the main result in 
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this section (Theorem |4.7| > is to apply this result to the case of limit spaces with a self-similar 
structure. We first follow |BN03 1 and adopt the following definition: 

Definition 4.1 ([BN03] Definition 5.1). A contracting action is said to be post-critically 
finite, or p.c.f. for short, if there exists only a finite number of left-infinite paths in the Moore 
diagram of its nucleus which end at a non-trivial state. 

We then follow |Kig93 KigOl | and make the following definitions: 



Definition 4.2 ([Kig93 1 Definition 1.5, pCigOl) Definition 1.3.4). Let£ = (K,X,{Fi} ieX ) 



be a self-similar structure on K. The critical set C of C is defined by C{C) = 
7r_1 (Ui ,jex,i^j( K i n K i))> andthe post-critical set Vis defined by = |J„>i ^"(C), 
where a is the shift operator on X~ w . 



Definition 4.3 (|Kig93| Definition 1.12, [KigOl] Definition 1.3.13). A self-similar struc 



ture is said to be post-critically finite, or p.c.f. for short, if its post critical set V is finite. 

To prove our main result of this section, we use a lemma from |BN03|. We need the 
notion of a finitely ramified set to understand the lemma. 

Definition 4.4. The limit space of a contracting action is said to he finitely ramified in the 
group-theoretical sense, or simply finitely ramified, if the intersection of every two distinct 
tiles of the same level is finite. 

A self-similar structure is said to he finitely ramified in the fractal sense, or simply finitely 
ramified, if the intersection of every two distinct cells of the same level is finite. 

It is a standard result that a p.c.f. self-similar structure is finitely ramified. A finitely ram- 
ified limit space (in the group-theoretical sense) is what |BN03] calls a p.c.f. limit space. 
As we shall see later, it is true that the self-similar structure of a limit space is p.c.f. if and 
only if the limit space is finitely ramified; however, to avoid confusion with the notion of a 



p.c.f. fractal (in the |Kig93 KigOl | sense), we shall not use the terminology introduced by 
IBN031 . 



By Proposition 3.6 the self-similar structure C = (Jg, X, {Fi} it - X ) of the limit space 
of a contracting action is finitely ramified (in the fractal sense) if and only if Jq is finitely 
ramified (in the group-theoretical sense). 

We now quote the lemma from |BN03|. 

Lemma 4.5 (|BN03| Corollary 4.2). The limit space Jg of a contracting action (G, X) is 
finitely ramified if and only if (G, X) is p.c.f. 

Our result justifies the use of the terminology "p.c.f." in the "p.c.f. action" in Lemma|43] 
Before we state our main result, we first prove a useful proposition, the proof of which is 
used in HBN03I Corollary 4.2. 

Proposition 4.6. Let Jg be the limit space of a contracting action (G, X). Then for every 
point a £ Jg, me set p^ 1 (a) is finite. 

Proof. We prove that each asymptotic equivalence class of a contracting action has at most 
\J\f \ elements, and so the quotient map p cannot map infinitely many elements to a point in 
K. 

Given a sequence . . . X2X1 G X _LJ , we denote by E the set of all left-infinite paths 
. . . e2ei passing through the states . . . .923150 within the nucleus, where the label of the 
edge e n is (x n ,y n ) for some y n 6 X. We know that since g n -\ = g n \ Xn , the state g n -\ 
in the path is uniquely determined by g n and x n . This shows that given two distinct paths 
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e = . . . e2ei and / = . . . f2.f1 in E, if e& = /fc for some fc, then e„ = /„ for all n < k. 
Consequently, there exists a positive integer N e t such that e n 7^ f n for all n > N e f. 

Suppose there exist more than \J\f \ distinct left-infinite paths in E; then we can choose 
a set F of \J\f\ + 1 distinct paths in E. Let N — max e j e p N e f, then for every pair of 
e, f E F, e n 7^ f n for all n > N. This is a contradiction since it implies that there are 
more than \M\ states in the nucleus. □ 

Theorem 4.7. The self-similar structure C = {Jq, X, {i^} igX ) on the limit space Jq of 
a contracting action (G, X) is p.c.f. if and only if {G, X) is p.c.f. 

Proof. Suppose first that C is p.c.f. Then C is finitely ramified, and so Jq is finitely rami- 



fied. Therefore, by Lemma 4.5 (G, X) is p.c.f. 



Conversely, suppose that C is not p.c.f. We can assume that C is finitely ramified, for 



otherwise Jq is not finitely ramified, and we can apply Lemma 4.5 to obtain that (G, X) is 
not p.c.f. In particular, since the image tt(C) of the critical set is the intersection of cells of 
the first level, we see that ir(C) is finite. 

Moreover, if the critical set C is infinite, then there exists at least one point a £ tt(C) 



such that the set 7r _1 (a) is infinite. This is impossible, since by Proposition 4.6 Jq cannot 
be a limit space. Therefore, C is finite. 

Now since V is infinite, there exists at least one element x E C such that the shift map 
a generates infinitely many distinct elements of X _LJ when repeatedly applied to x. Since 
x E C, there exists some y E C such that x\ 7^ y\ and x and y are asymptotically equivalent; 
thus there exists a left-infinite path . . . e2ei passing through the states . . . 52.9150 within the 
nucleus, where the label of the edge e„ is (x n , y n ) and g n is non-trivial for all n > 1. 

We now show that if i 7^ j, then the left-infinite paths . . . e^ie^ and . . . ej+iej, ending 
at the states gi-\ and gj-i respectively, are two distinct paths. Without loss of generality, 
we can assume i > j; if the two paths are identical, then we have that e m+ (i_j) = e m 
for all m > j. This would imply that x m +(i-j) = x m for all m > j, and consequently 
a m+(i-j) ^ _ a m f or a jj m ■> j—i b U ); m is means that the shift map a only generates 
at most (including x itself) (j — 1) + (i — j) = i— 1 distinct elements of X~ w , contradicting 
the definition of x. Therefore the two paths are distinct. 

Also, since for n > 1 each g n is a non-trivial state in the nucleus, which is finite because 
the action is contracting, it follows that there exists an infinite sequence {n^} such that 
9n k = .9 f°i" some non-trivial state g in the nucleus and for all k. If we now consider the 
left-infinite paths . . . e nk +2Cn k +i, we see that these paths are pairwise distinct and all end 
at the state g, and so there exist infinitely many left-infinite paths in the Moore diagram of 
the nucleus which end at a non-trivial state. □ 

Corollary 4.8. The self-similar structure C = (Jq,X, {Fi} ieX ) on the limit space Jq of 
a contracting action (G, X) is p.c.f. if and only if it is finitely ramified. In other words, a 
self-similar structure that is finitely ramified but not p.c.f. cannot be a self-similar structure 
on the limit space of a contracting action. 

We already know a certain class of fractals that are finitely ramified but not p.c.f. that 
cannot arise as the limit space of any contracting action. In particular, being finitely ram- 
ified implies that the image ir(C) of the critical set is finite, while not being p.c.f. implies 



that the post-critical set V is infinite. If this is the case, Proposition 4.6 implies that fractals 
with either infinite C or finite ^(T 5 ) cannot be the result of a limit space. A simple example 
of such a fractal is the diamond fractal, which has been discussed in teCD+08llHKT0l . 

However, we now have a new class of fractals that are not limit spaces of contracting 
actions, namely those self-similar sets that are finitely ramified and satisfy that 
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(1) C is finite but tt(C) is infinite; and 

(2) V is infinite but ir(V) is finite. 

An example of such fractals is the Kameyama fractal, introduced in [ KamOO | in a different 
setting and discussed in BHve05l . 

Combining these results with those in the last section, we also have the following result. 

Corollary 4.9. The limit space Jq of a contracting action (G, X) has a p.c.f. self-similar 



structure if and only if (G, X) satisfies Condition 3.4 and is p.c.f. 



Finally, we look at the related notion of a strictly p.c.f. group, which is defined and 
discussed in |NT08 1. Its definition requires the notion of bounded automata, which is first 
introduced in [SidOO]. We show that the limit space of a finitely generated strictly p.c.f. 
group indeed has a p.c.f.self-similar structure. 

Definition 4.10. An automorphism g 6 Aut X* is said to be bounded if the Moore diagram 
of the set {g\ w : w 6 X*} is finite and its oriented cycles consisting of non-trivial elements 
are disjoint and not connected by directed paths. 

Definition 4.11 ( INT08I Definition 4.2). A self-similar group (G, X) is said to be strictly 
p.c.f. if and only if it is a subgroup of the group S(X) of bounded automorphisms and every 
element of the nucleus of G changes at most one letter in every word w E X* . 

The fact that the set £>(X) of bounded automorphisms is indeed a group follows from 
the following theorem in |BN03 Nek05 1, which also shows the relationship between B(X) 
and p.c.f. groups. 

Theorem 4.12 ( HBN03I Theorem 5.3, HNek05ll Corollary 3.9.8). The set B(X) of all bounded 
automorphisms of the tree X* is a group. 

A finitely generated self-similar automorphism group G of the tree X* is a p.c.f. group 
if and only if it is a subgroup of B(X). In particular, every finitely generated self-similar 
subgroup ofB(X) is contracting. 

Corollary 4.13. The self-similar structure on the limit space Jq of a finitely generated 
strictly p.c.f. group (G, X) is p.c.f. 



Proof. If (G, X) is strictly p.c.f., then it is a subgroup of B(X). By Theorem 4.12 it is 
p.c.f. Therefore, by Corollary 4.9 we need only to show that if (G, X) is strictly p.c.f., 
then it satisfies Condition 3.4 This follows from the assumption that every element of the 
nucleus of G changes at most one letter in every word w EX* . Indeed, for every g E N and 
w E X* such that g(w) ^ w, it follows that g\ w (v) = v for all v E X*, or in other words 
g\ w = 1. This implies that if . . . e^ei is any left-infinite path passing through the states 
■ ■ • 525130 suc h that the label of some e n is (x n , y n ), where x n ^ y n , then g = 1. (In fact, 
we always have that n = 1.) Consequently, there are no left-infinite paths with non-trivial 



labels that do not end at the trivial state, and so Condition 3.4 is trivially satisfied. □ 



For an example of a p.c.f. action that satisfies Condi tion |3.4| but is not strictly p.c.f., see 
Example |6. 3 1 

5. From a p.c.f. self-similar structure 

In this section, we shall be concerned with the construction of a contracting action whose 
limit space has a given p.c.f. self-similar structure. More precisely, we shall construct a 
contracting action whose limit space has a self-similar structure that is isomorphic to a 
given p.c.f. self-similar structure in the following sense: 
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Definition 5.1 ([KigOl | Definition 1.3.2). Let C = {K^Xj, {F^}^) be self-similar 
structures for j = 1,2, and let ttj : Xf u — > Kj be the associated continuous surjections. 
The self-similar structures C\ and C 2 are said to be isomorphic if there exists a bijective 
map p : Xi —> X 2 such that tt 2 o l„ o n^ 1 is a well-defined homeomorphism between Ki 
and K 2 , where i p : —> X 2 ^ is the natural bijective map defined by i(, . . X2X\) = 

• . . p{x 2 )p{xi). 

Notice that given a set with a self-similar structure in general, it is possible that it is 
not the limit space of any contracting action. In particular, Proposition |2.7| implies that for 
any construction to have a hope of success, the surjection tt of the self-similar structure 
must be such that if 7r(. . . x 2 x x ) = n(. . . 2/22/i)> then ir(. . . x n+1 x n ) = tt(. . . y n+1 y n ). An 
equivalent requirement is that the induced shift map s : Jq — > Jq defined by so n = no a is 
well-defined. For example, the usual self-similar structure on the Sierpihski gasket does not 



satisfy this requirement, although another self-similar structure on it does; see Example 6.2 
for a more detailed description. 

At the same time, a property of self-similar structures will also be useful. A close inspec- 



tion of the proof of Proposition 3.3 reveals that for any self-similar structure, the surjection 



7r must satisfy Condition [372] This leads us to the following lemma. 

Lemma 5.2. Let C = {K,X, {i^jigx) be a self-similar structure on the limit space of 
a contracting action (G, X). Then the associated surjection -k : X _LJ — > K satisfies the 
following conditions: 

(1) tt(...x 2 xi) = 7r(. . . 2/22/1) implies that tt(. . . x n+ ix n ) = ir(. . .y n+ iy n ), for all 
n G Z + ; and 

(2) 7r(. . . x 2 Xi) = 7r(. . . 2/22/1) implies that 7r(. . . x 2 Xiw) — ir(. . . y 2 y\w), for all 
weX*. 

In this section, we restrict ourselves to considering only self-similar structures that are 
isomorphic to self-similar structures on limit spaces. In particular, for the rest of this sec- 
tion, we shall take for granted the existence of the shift map s, and that the associated 
surjection tt satisfies the conditions in Lemma [572] 

Given a p.c.f. self-similar structure C = (K,X, {-Fj} igX ), the surjection tt defines an 
equivalence relation on X~". We now describe a scheme to systematically write down the 
equivalence classes induced by tt. 

Suppose 7r(. . . x 2 xi) — 7r(. . . y 2 yi), and Xk — yk for all k < N and xn 7^ y^. By 
Condition (1) above, we have that ir(. . . x^ + iXn) = 7r(. . . yN+iyN)- Then by Condi- 
tion (2), 7r(. . . xn+iXnw) = vr(. . . yN+iVNw) for all w £ X*, which accounts for the fact 
that 7r(. . . x 2 Xi) — 7r(. . . y 2 y\). The equivalence relation can be completely characterized 
by equations of the form 

7r(. . . x 2 xxw) = 7r(. . . y 2 yiw), 

where X\^ y\. Moreover, the equation above implies that . . . x 2 xi, . . . y 2 y\ E C. Since 
C is p.c.f., C must be finite. Consequently, the equivalence relation can be characterized by 
finitely many such equations. 

The fact that C is p.c.f. also implies that elements in C have a recurring tail. If we denote 
z = . . . zzz where z = z^ ■ . ■ z 2 z\ E X* , then the equivalence relation can be characterized 
by finitely many equations of the form 

ir(zx n . . . i 2 siw) = TrO'y™ ■ ■ ■ V2yiw). 
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We shall now show that m = n in the equation above. Otherwise, without loss of generality, 
we can let m > n. Then by Condition (1), n(z) — ir(z'y m . . . y n +i)- Then 

n{z'y m . . . y n+ i) = ir(z) = n(zz) = ir(z'y m . . . y n+ iz), 

by Condition (2); likewise, 

ir{z'y m . . . y n+1 ) = ir(z'y m . . . y n +\z) = n(z / y m . . . y n +izz) = 

which would imply that C is infinite, again a contradiction to the fact that C is p.c.f. A 
similar argument shows that we must have z = z'. Therefore, the equivalence relation can 
be characterized by finitely many equations of the form 

n(zx n . . . x 2 x 1 w) = n(zy n . . . y 2 y\w). 

Another similar argument shows that z k ^ x n and z k 7^ y n . We shall assume that z is the 
shortest recurring word, so that it is impossible to write z = v n for any n > 1 and »eX*. 

Next, we show that if Tr(zx n . . . x 2 xiw) = n(zy n . . . y 2 yiw), then ir(zt; n . . . £, 2 £,iw) = 
ir(zx n . . . x 2 xiw) whenever £j S {xj, yj} for all j. We shall show this by induction on n. 
The base case n = 1 is trivial. Suppose this is true for n = m, then by Condition (2), 

7r(?£m+i • • ■ &xiw) = ir(zx m+1 . . . x 2 xiw) 
= 7r(zy m+1 . . . y 2 yiw) 
= ir(z£ m +i ■ • -6yiw), 

and therefore it is true for n = m + 1. As a consequence, we have that 7r(z£„ . . . £ 2 £,iw) = 
n(z( n . . . ( 2 (iw) whenever £j, Q e {xj,yj} for all j. At this point, having classified the 
equivalence classes induced by the associated surjection tt of a p.c.f. self-similar structure, 
we can finally write the equivalence classes in the form 

{z(n ■ ■ ■ I Z, W e X*, Cj G Sj} 

for fixed w, z € X*, and some collection of sets Sj C X. We introduce the shorthand 

zS n . . . S 2 Situ, 

to represent the equivalence class above. 

Up to left shifts, all the equivalence classes are determined by those of the form zS n . . . Si, 
where S\ contains more than one element. Notice that if a is in the image ir(C) of the crit- 
ical set, then 7r _1 (a) = zS n . . . S\, for some z e X* and Si with more than one element, 
since a is in the union of the intersections of the first level cells of the space K; conversely, 
the image of every equivalence class of the form zS n . . . Si under tt is a single point in 
7r(C). Therefore, the equivalence classes can be labeled by the finitely many elements of 
tt(C). 

Every equivalence class of the form zS n . . . S 2 Si has to satisfy three properties. First, 
by what we discussed above, we see that if z — z k . . . z 2 Zi, then z k ^ S n . Second, if 
zS n . . . S 2 Si is in the list, then by Condition (1), we must have that zS n . . . S m+ iS m is 
also in the list for all m < n. The third property is the proposition below: 

Proposition 5.3. Let a and f3 be distinct elements of n(C) of a p.c.f. self-similar structure, 
such that 7r^ 1 (a) and 7r _1 (/3) have the same recurring tail z. Let 7r^ 1 (a) — zS n ■ ■ ■ S 2 Si 
and 7r _1 (/3) = zT m . . . T 2 T V If S n - k = T m _ fe for all < k < N, then either S n - N = 
T m -N or S n -N n T m _AT = 0. 
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Figure 5.1. The generators corresponding to a = n(zS n . . . S^Si) 



Proof. Suppose S n -N H T m _Ar ^ 0, and let x G S n -N H T m -N. Then for all s„_at e 
5„_at and t m - N £ T m _jy, we have 

K\z£,n . . . £, n -N+lS n -N£,n-N-l ■ ■ ■ = ^{zS.n ■ ■ ■ £,n~N+lx£,n~N-l ■ ■ ■ 

= n {z£,n ■ ■ -Zn-N+ltm-N^n-N-l ■ ■ -S,2^l), 

whenever g Sj. Therefore, we see that T m _jy C S'n-A/. Similarly, we obtain that 

5„_jv C T m _jy, and so S^-at = T m _jy. □ 

We can now construct the desired contracting group. For each a € tt(C), we can write 
Tr-^a) = *S„ . . . where z = z k ... z 2 z x . If ^ = {s^,s^\ s^} with sj j) < 
s i+v we define erg to be the permutation (s^ . . . Sm^)- We define n + k — 1 group 
elements as follows: 

We define g a i by the wreath recursion as 1 (1, . . . , 1). For 2 < j < n — 1, we define 
g a j to be the element whose action on x e X is given by 

J crs 3 . (x) • g Q j-i if x e Sj, 
9a,jX ~\x-l iSx^Sj, 

so that we have the wreath recursion g a j = erg. (1, ... , g ai j_i, . . . ,g a> j_-y, . . , , 1). 
For j = n, we define g a ^ n by 

0"S„(^) •fl'a.n-l ifxe^n, 
X ■ g a ,n+k-l \fx = Z k , 

x ■ 1 otherwise, 

so that we have the wreath recursion g a ^ n = a Sn (l, ■ ■ -,g a ,n-i, ■ ■ ■ ,g a , n -i, ■ ■ -,g a ,n+k-i, ■ 
Finally, for n + 1 < j < n + k — 1, we define g a j by 



9a,j ' X 



X ' ga,j~l if X Zj — n , 

I X • 1 if IE 7^ Zj-n, 

so that we have the wreath recursion g a j = (1, . . . , g Q j_i , . . . , 1). 

We call g ai i, . . . , g a .n-i Type I generators and g a , n ■ ■ ■ , ga.n+k-i Type II generators. 

The Moore diagram of these generators, which correspond to a single a £ tt(C), is 
shown in Figure 5.1 in which the subscript a has been suppressed. The label (i, as (i)) 
for the arrows out of <?„ and the Type II generators applies to all i g Sj and only those 
letters. For each generator, we have suppressed the arrows into the identity element, whose 
labels are (i, i) for each i that has not been shown in the diagram. 
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The desired group Gc is the group generated by all the elements defined above for all 
a G tt(C). 

Proposition 5.4. Let C — (K, X, {Fi} ieX ) be a p.c.f. self-similar structure. The group 
Gc that is constructed by the method above is a subgroup of B(X). In particular, Gc is 
contracting and p.c.f. 

Proof. It can easily be seen from the Moore diagram above that all the generators of Gc 



are bounded automorphisms. Since Gc is finitely generated, it follows from Theorem 4.12 



that Gc is p.c.f. □ 
For concrete examples illustrating our construction above, see Section [6] and in partic- 



ular Examples 6.4 6.5 and 6.6 



We claim that the self-similar structure C = {Jgc i X, {F- } ieX ) on tne U™-* space of 



Gc is isomorphic to C (Theorem 5.8 1. We begin the proof with a lemma, where we show 



that the associated continuous surjection of a self-similar structure is in fact a quotient map. 

Lemma 5.5. Let £ = (K, X, {Fi} ieX ) be a self-similar structure. The associated contin- 
uous surjection tt : X - " — > K of C is a quotient map. 

Proof. We shall show that it is a closed map. Since X~ w is compact, every closed subset C 
is compact. Then ir(C) is a compact subset of K, which is metrizable and thus Hausdorff, 
implying that 7r(C) is closed. □ 

Lemma 5.6. Let Gc be the contracting group constructed by the method above. Ifh G Gc 
can be written as a product g m . . . gig\ of generators of minimal length, and ifh\ v = hfor 
some non-empty word v = v n . . . v 2 Vi G X*, then gj(v) — v and gj\ v = gj for all j. In 
particular, gj is of Type II for all j, and h(v) = v. 

Proof. We denote by d(g) the minimal length of generators needed to represent an element 
g G G c - In particular, d(h) = m. Notice that, since h\ x = g m \g m _ 1 - gi ( x ) • ' •52| ffl (x)fl r lU, 
and g,j\ y is 1 or another generating element for all y G X, that d(h\ x ) < d(h). We see 
d(h) = d(h\ v ) < d(h\ Vn ... Vn _ f ) < d(h) for all < i < n, so d(h\ Vn ... Vn _.) = d{h) for all 
such i. 

We show that gj is of Type II for all j. If gj is of Type I for some j < m, then there 
exists N such that gj\ w = 1 whenever = N, Since if g is a generator, then g\ x is either 
a generator or the identity for all x G X, it follows that d(h\ w ) < m whenever \w\ = N. 
This is a contradiction since h\ v = h implies that for each k, there exists some w £ X k 
such that d(h\ w ) = m. 

By the same argument, each representation of 

h\v n = i.9m ■ ■ ■9l)\v n = 9m\g m _ 1 ...g 1 {v n ) ■ ■ -9l\v n 

of length in consists only of Type II generators, which implies that g\ |„ n is also of Type II. 
This is only possible if gi(v n ) = v n , since for any generator g and any x £ X, g(x) ^ x 
implies that g\ x is either Type I or the identity. Similarly, gj(v n ) — v n and gj\ Vn is of 
Type II for all j, and 

h\v n = 9m\g m _ l ...g l (v n ) ■ ■ ■ 9l\v„ = 9m\v n ■ ■ ■ 9l\v n - 

Inductively, 9j(v) = v and gj \ v is of Type II for each j . Moreover, gj | v and gj are generators 
corresponding to the same a G 7r(C). Since there are only finitely many Type II generators 
corresponding to a, it follows that gj\ v i — gj for some minimal I. 

Suppose I > 1. If gj corresponds to a G 7r(C), then 7r _1 (a) = zS n . . . S^Si, where 
z = v l . This is a contradiction since we assume z to be the shortest recurring word. □ 
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Lemma 5.7. Let C = (K, X, {F{\ i£X ) be a p.c.f. self-similar structure, with tt : — > K 
as the associated surjection. Let Gc be the contracting group constructed by the method 
above, and let Jg c be its limit space. Then the quotient map p : — > Jg c is such that 

p(...x 2 x 1 ) = p(...y 2 y 1 ) 

if and only if 

7r(. ..X2X\) = tt(. ..y 2 yi). 

Proof. Suppose first that n(. . . x 2 x\) = n(. . . 2/22/1), where . . . x 2 x\ 7^ . . . y 2 yi- With- 
out loss of generality, we can instead write ir(zx n . . . x 2 xiw) = ir(zy n ■ ■ ■ yiV\ w), with 
z = Zk ■ ■ ■ z 2 Z\ and X\ 7^ y\. All but finitely many truncations of the left-infinite word 
zx n . . . x 2 x\w are of the form zi . . . z 2 z\z N x n . . . x 2 x\w, where 1 < I < k and > 0. 
We claim that for each word in this form, there exists an element g such that g(z\ . . . z 2 z\z N x n . . . x 2 x\w) = 
zi . . . z 2 z\z N y n . . . y 2 y\w. We shall proceed by induction on n. 

Consider the case when n = 1. There exists a € n(C) with n^ 1 (a) = zS\, such that 
X\,y\ € S\. By construction, the action of g a _i + \ on z ; . . . z 2 z^z N x^w is 

g a , + M . . . z 2Zl z N x lW ) = z x g a M-x ■ ■ ■ z 2 z lZ N x lW ) 

= z l z l _ 1 g a ^ 1 (z l _ 2 ...z 2 z 1 z N x 1 w) 

= zi . . . z 2 ziz N g aA {xiw) 
= zi . ..z 2 z 1 z N <r Sl (xi)w. 
There exists a e N such that erg (xi) = y\. Then 

9a,i+ii z i ■ ■ ■ z 2 z 1 z N x 1 w) = Zi... z 2 z 1 z N (Tg i (x 1 )w = z% . . . z 2 z 1 z N y 1 w. 

Suppose now that the statement holds for n = m, and consider the case when n = m + 1. 
There exists (3 e n(C) such that 7r _1 (/3) = zS m+ \ . . . S 2 Si, such that Xk , yu € Sk for each 
k. By construction, the action of gp t i+ m +i on z l ■ ■ ■ z 2 ziZ N x m+ \ . . . x 2 x\w is 

9p,l+m+i(zi ■ ■ ■z 2 z 1 z N x m+1 . ..x 2 xiw) = zigp,i +m (zi-i . . . z 2 z 1 z N x m+1 . ..x 2 Xiw) 

= Zl... Z 2 Z\Z gp,m+\\£m+\ ■ ■ ■ X 2 X\W) 

= zi... z 2 z 1 z N a Sm+1 (x m+ i) . . . er 5l (xi)w 
There exists b e N such that a b Si {x\) = y\. Then 

9 b 0,l+m+i( z l ■ ■ ■ z lZ N x m+1 . ..x\w) = z t ... z x z N a h m+1 (x m+1 ) . . . a^x^yxw. 
By the induction hypothesis, there exists an element h that maps this to 

zi...z 1 z N y m+1 ...y 2 y 1 w; 

then hg o l+m+1 is the desired element. 

Notice that in both cases above, the element fulfilling our claim is independent of N; 
therefore, the set of elements fulfilling our claim for each truncation of the left-infinite 
word zx n . . . x 2 x\w is finite, and thus p(zx n . . . x\w) — p(zy n . . . y\w). 

Conversely, suppose p(. . . x 2 X\) = p(. . . y 2 y\), where . . . x 2 xi 7^ . . . y 2 yi- Then there 
exists a left-infinite path . . . e 2 e\ in M passing through the states . . . hS 2 ^ hS 1 " 1 hS°\ such 
that the label of e k is {x k , y k ). We can represent each as a product g$ k . . . g^ of 
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generators with minimal length rrik- If g is a generator, then g\ x is either another generator 
or the identity for all x G X; therefore, rrik < nik+i for all k. At the same time, since 
the nucleus Af is finite, rrik is uniformly bounded from above. Therefore, there exists some 
minimal M such that rrik = m for some constant m for all k > M. 

By Proposition |5.4| Gc is p.c.f. Therefore, the path . . . e 2 ei must have a recurring tail; 
that is, there exists some minimal N > M and some minimal r > 1 such that ek+ r = £k for 
all k > N. Then /i( fc+r ) = /i< fe ) for all k > N. If we write z = 2 r . . . z\ = x N+r . . . x N+ i, 
then we have 



p(zx N . ..x 2 xi) = p(h( N \z)y N . 



V2V1 



Now we also have that h^\ z — h^ N \ By Lemma 5.6 it follows that g^{z) — z and 



g f\ z = gW for all j < m, and feW(js) = z. 
Then our original equation becomes 

p(zx N . . . x 2 xi) = p(zy N ■ ■ ■ 2/22/1), 

where y n . . . 2/22/1 = 9m ^ ■ ■ ■ 9i (x n . . . x 2 xi). 

Consider the generator g[ N \ Since g[ N \z) = z and g[ N '\ z = g[ , there exists a 

left-infinite path . . . /2/1 ending at g[ , where the label of f r t+s is (z s , z s ), for s < r. 
Therefore, 

p(zx N . . . x 2 xx) = p{zg[ N) (x N . . . x 2 xi). 

Similarly, we obtain, 

p(zx N . ..x 2 xi) = p(zg[ N \x N . ..x 2 xi) = ... =p(zg^P ■ ..g[ N \x N . ..x 2 xi)), 

from which we deduce that g^ . . . g^ (xn) 7^ z r for all j. 

We now show that the above equation will continue to hold if we replace p by tt. For each 
j, we can write g^ = g aj ,ij for some aj £ n(C) with n~ 1 (aj) — z^Sj inj . . . Sj_ 2 Sj t \, 



where lj > rij, since gj' is of Type II by Lemma 5.6 If lj 7^ rij, then g) ly '\ x = 1 for all 
x/z r . Therefore, 



and 



AN), AN) AN), \\_JN) AN), , 

9j \9j-i ■ ■ ■ 9i (xn)) - 9j-i ■■■9i (xn) 



Then 



9 3 \ 9 f_\-tf\*N) - 

AN), AN) AN), „\\_AN) AN), s 

9j (9j-i---9i (%n---Xi)) — g j _ 1 ...g 1 (x N ...xi). 
It is then trivially true that 

n(%9j (9j-i ■ --51 0/v ■ ■ -xi))) = ^(zg^\ . ..g[ N \x N . . .x x )). 

Suppose now that lj = nj; then by construction, z^' is the unique word of minimal 
length such that gi \ z u) = 9j- Therefore, we see that z^O = z. If we let c be the 
smallest number such that g^ I <«> («> , ,7^ 1, then by construction, 

J 9j_i-"9i \xn ...x c ) 

(9j-\ ■ ■■g[ N) )\x N ...x k+1 (x k ) e Sj tnj - N+ k, and 

( N )\ II ( N ) (N)\\ I \\ r- 

9 \g ( j N [...g[ N \x N ...x k+1 ) ( >(9j-l---9l )\x N ...x k + 1 (Xk)) € b jjHj _ N+k , 
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whenever c < k < N . But zSj tnj . . . Sj^Sj^w is an equivalence class induced by ir, and 
this implies that z~Sj :7lj . . . Sj, nj -jy +c w is an equivalence class, and so again we have 

(Sj-l ■ ..g[ N \x N ... Xl ))) = 7r(zg^{ . ..g[ N \x N ...x t ). 
Therefore, inductively, we have shown that 

tt(zx n . ..x 2 xi) = n(zy N . ..y 2 yi)), 
which is what we wanted to prove. □ 

Theorem 5.8. Let C = (K,X, {-Fi} igX ) be a p.c.f. self-similar structure, and let Gc be 
the contracting group constructed by the method above. Then the limit space Jg c °f Gc 
has a self-similar structure £ — {3g l , X, {-P/j^gx)- Moreover, £ is isomorphic to £ 

Proof. We know that tt satisfies Condition|3.2| By Lemma [5^7] we see that p also satisfies 



Condition 3.2 Therefore, by Proposition 3.3 Jg l has a self-similar strucutre £ 



To show that £ is isomorphic to £ consider the map p o tt 1 . Given an open set U in 



3g C ' V is open because p is continuous. Since by Lemma 5.5 tt is a quotient map, 



and by Lemma 5.7 p _1 ([7) is saturated, it follows that tt o p _1 (J7) is open. Therefore, 
p o 7T _1 is continuous. Since p is by definition a quotient map, we obtain that the inverse is 
also continuous. Thus, poir^ 1 is a well-defined homeomorphism between Jg l andK. □ 

In the construction above, we have only assumed that the induced shift map s with regard 
to the self-similar structure is well-defined, which is a necessary condition for any construc- 



tion to succeed. By Theorem 5.8 it is also the sufficient condition; therefore, we have the 
following theorem. 

Theorem 5.9. Let C — (K, X, {Fi} i&x ) be a p.c.f. self-similar structure, with an associ- 
ated continuous surjection tt : — > K. Then there exists a contracting action (G, X) 
such that its limit space Jg has a self-similar structure £ = (J7g, X, {-F/} igX ) ^ la ^ !S ' so ' 
morphic to £ if and only if the induced shift map s : K — > K defined by so it = tt o a is 
well-defined. 

6. Examples 

Example 6.1 (The binary adding machine). One of the most basic examples of a self- 
similar action is the binary adding machine. It is the group G generated by the element 
a = (01)(1, a), acting on the binary tree (i.e. X = {0, 1}). The action of a can be thought 
of as adding 1 to the last digit of the (left-handed) binary representation of a real number. 



The nucleus of G is {l,a,a 1 }, which is depicted in Figure 2.1 The asymptotic equiv- 
alence is given by Olw ~ lOw for all w € X* and ~ 1. Therefore, the limit space 
Jg is homeomorphic to the circle M/Z, where each point on the circle corresponds to its 
(left-infinite) binary expansion. 



The action (G, X) does not satisfy Condition 3.4 and therefore its limit space does not 
have the naturally induced self-similar structure. To see this, notice that 0^1 but ^ 10, 
and so F : v i— > vO is not a well defined map on X~ w , which shows the non-existence of a 
self-similar structure on M/Z. Therefore, although G is clearly p.c.f., its limit space does 
not have a p.c.f. self-similar structure. 

Example 6.2 (Sierpiriski gasket). The Sierpiriski gasket is typically defined, e.g. in (KigOl ], 
as the unique non-empty compact space K C C that is invariant under the injections 
fj(z) = (z — Pj)/2 + pj, where pj are the vertices of an equilateral triangle. Writing 
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Figure 6. 1 . Self-covering of Sierpiriski gakset in Example |6.2| 

X = {0, 1, 2}, it has the natural p.c.f. self-similar structure Cq — (K, X, {/j} 2 =0 )- The 
associated surjection it : X~ w — > K induces the equivalence relations 

Olw ~ lOw, I2w ~ 2lw, and 20w ~ 02w 

for all u> € X* . However, since 20 ~ 02 but 2/0, the shift map s is not well defined, and 
so Cq is not a self-similar structure on the limit space of a contracting group. 

On the other hand, there is an alternate p.c.f. self-similar structure on the Sierpiriski 
gasket, given by C = (K, X, {Fj}j_ Q ), where Fj = rj o fj, and rj is the reflection about 
the axis of symmetry through pj. This can be described by the self-covering depicted in 
Figure [6TT] With this self-similar structure, the induced equivalence relations are 

Olw ~ 02w, I2w ~ lOw, and 20w - 21w, 

which are the relations describing the asymptotic equivalence of the 3-peg Hanoi Towers 
Group G [GS06 GS08 |. In particular, C is the natural self-similar structure on Jq, where 
G is the group generated by the elements 

doi = (01)(1, l,a i), 
012 = (12)(oi2,l,l), 
a 20 = (02)(l,aoa,l), 

acting on the rooted tree X* . The Moore diagram of the nucleus of the group is given in 



Figure 2.2 It is interesting to note that this is exactly the group Gc that would result from 



our construction described in Section[5] 



Example 6.3. This example highlights the fact that the p.c.f. condition and Condition 3.4 
together still do not imply the strictly p.c.f. condition, by describing a group that satisfies 
the former conditions but not the latter. 



We consider the group G whose nucleus is illustrated in Figure 6.2 This group is con 



tracting, p.c.f., and satisfies Condition 3.4 but is not strictly p.c.f. 
G is generated by 

a =(01X1,1,1), 
g = (01)(o,a,ff), 
h = (01)(l,l,/i), 

and acts on X = {0, 1, 2}. Since all of its generators are bounded, G is bounded and thus 
contracting and p.c.f., with the nucleus being Af = {1, a, g, h, gh}. From the diagram, we 
see that G satisfies Condition 13 .41 and therefore there exists a self-similar structure on its 
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(2,2) 




(2,2) 



(2,2) 



Figure 6.2. Nucleus of the group G in Example |6. 3 1 



limit space Jq. However, since g can change more than one letter in a give word, this group 
is not strictly p.c.f. 

Example 6.4. This is a straightforward example that illustrates our construction of a con- 
tracting group with a given self-similar structure. 

Consider the unit interval I = [0, 1]. Set F (x) = -(1/2)sg + 1/2, and F x {x) = 
(1/2)2; + 1/2. Then C = (I, {0, 1} , {-Fi} i£ r u) is a p.c.f. self-similar structure on /. 
Notice that this self-similar structure is naturally isomorphic to a self-similar structure on 
the Koch curve. The critical set is given byC = {100, 101}, and its image in / is tt(C) = 
{1/2}. 

There exists a well-defined continuous induced shift map s : I I, defined by s o n = 
7r o er; we can write it explicitly as 



s(x) 



l-2x ifze[0, \], 
2x-l ifxe[|,l]. 



By Theorem |5.9| the existence of s guarantees the success of the construction of a contract- 
ing group Gc- There is only one entry in the list of equivalence classes, namely 



= ISaSi, 



where S 2 = {0} and Si = {0, 1}. We define 

ffi = (01)(l,l). 
92= (51,52), 

where we have suppressed the subscript 1/2. Define Gc = (51, 52)- Notice that 

ff? = (l,l) = l, 

52 2 = (5?,52 2 ) = (1,5 2 2 ) = 1, 
so both generators are of order 2. Moreover, 

5152 = (oi)0i,p 2 ), 

5251 = (01)(52,5i), 
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(0,1) 




(M)d( 92 )—^—j- > { 91 ) i i 

(1,0) 





Figure 6.3. Nucleus of the group Gc in Example 6.4 



so Gc is the infinite dihedral group, and we see that the nucleus J\f = {1, g x , g 2 }- Figure 6.3 
shows the Moore diagram of the nucleus. It can easily be seen that Gc is in fact strictly 
p.c.f. 

The limit space of the Grigorchuk group (introduced and discussed in [Gri80 Gri84|) 
has the same self-similar structure as L. The Grigorchuk group is also strictly p.c.f. The 
nucleus of the Grigorchuk group is different from the nucleus of Gc, and so they are not 



isomorphic. In other words, it is possible for two p.c.f. groups satisfying Condition 3.4 that 
are not isomorphic to each other to have limit spaces with isomorphic self-similar structures. 

It has been shown that there are countably many groups whose limit space admits a 
self-sim ilar structure isomorphic to £; for a classification of all such groups, see IINek03l 
SunOU. 



Example 6.5 (Pentakun). The pentakun, as described in [KigOl |, is the unique non-empty 



compact space K C C that is invariant under the injections 

fk(z) = 3 -^(z-p k )+p k , where p k = e 2mk '\ 



Figure 3.1 gives the (rotated) picture of the pentakun. 

Identifying X = {0, 1, 2, 3, 4}, the natural p.c.f. self-similar structure is given by £0 = 
(K, X, {fj}j =0 )- The equivalence classes induced by tt are 

20w ~ 41w, 31w ~ 02w, 42w ~ 13w, 03w ~ 24w, and l4w ~ 30w 
for all w £ X*. 

As with the Sierpiriski gasket, the shift map is not defined for this self-similar structure, 
and Co is not the self-similar structure on a limit space. However, like the Sierpiriski gas- 
ket, there is a modified p.c.f. self-similar structure that can be achieved as the self-similar 
structure on the limit space of a contracting group. 

Consider/! = (K, X, {Fj}^ =Q ), where Fj = rj ofj, and rj is the reflection about the line 
joining pj with the origin, i.e. the axis of symmetry through pj of the pentagon formed by 



{pj}j_ - The corresponding self-covering is depicted in Figure 6.4 Here the equivalence 

classes are of the form kSkW where k € X and Sk = {k — 2 mod 5, k + 2 mod 5}. 
Our construction from Section[5]yields the p.c.f. group Gc generated by 

ao = (23X00,1,1,1.1). 
ai = (34X1,01,1,1,1), 
a 2 = (40)(l,l,a2,l»l). 

a 3 = (01X1, 1,1,03,1), 
4 = (12X1,1, 1,1, O*), 

so that £ is a self-similar structure on the limit space of Gc- The Moore diagram of the 



nucleus of Gc is shown in Figure 6.5 
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Figure 6.4. Self-covering of pentakun in Example 6.5 



(1,1) 



(0,0) 




(4,4) 



(2,2) 



(3,3) 



Figure 6.5. Nucleus of the group Gc in Example 6.5 



It is easy to perform an analogous construction for all n-kuns where n is odd. 

Example 6.6 (Hexakun and Linstr0m Snowflake). In Example |6.5| we showed how a self- 
covering could be constructed on the pentakun that could be taken to be the shift map 
required for the construction in Section[5] The current example shows the way to construct 
a self-covering for the hexakun, a fractal analogous to the pentakun but constructed instead 
from a hexagon. We shall also discuss why no self-covering can be constructed for the 
Linstr0m snowflake, a nested fractal which is a variation of the hexakun. 

Similar to the pentakun, the hexakun is typically constructed (e.g. in [KlgOl ]) as the 
unique non-empty compact space K C C invariant under the injections 



fk{z) = ~(z~Pk) + Pk, 



where 



Pk = e™ fe/3 . 



22 



D. J. KELLEHER, B. A. STEINHURST, AND C.-M. M. WONG 



/0 5\ /5 0\ 

V 4 A 4 V 
\2 3/\3 2/ 

/l 2\~ 72 f 

\° V v 

\5 4/ \4 5 

/4 3\ /3 4\ 

v 2 A 2 V 

\0 1 / \l 0/ 

Figure 6.6. Self-covering of hexakun in Example |6.6| 

Writing X = {0, 1, 2, 3, 4, 5}, we see that Cq = (K, X, {/j},_ ) is the usual self-similar 
structure. As with the Sierpihski gasket and the pentakun, this self-similar structure does 
not admit a shift map, and so we have to choose another self-similar structure. 

This fractal is a set of six copies of itself, each with a "corner" at the point pk, and joined 
to two adjacent copies at the corner, two corners away from pk- Our self-covering can be 
thought of as folding the fractal in half along the y-axis, so the cells in the left half-plain 
land on their reflections in the right. For the 3 cells on the right, we fold the upper and lower 
cells onto the cell containing po. Finally, we rescale the po cell using the map /q~ . 

Formally, if we let fa(z) = e"/ 3 z, fa(z) = e 2 "/ 3 z, fa(z) = -z, fa{z) = e 4m; / 3 z, 
and 4>5(z) = e 57Tl / 3 z (here z is the complex conjugate), then our modified self-similar 
structure is C = (K, X, {F 3 } 5 j=Q ) where F = f and F 3 = fa o fj for j = 1, 2, 3, 4, 5. 

We now find the critical set C and post-critical set V of this new self-similar structure C. 
Noticing that the fixed point of Fq is still po, we see that 7r(0) = po. Also, Fj(po) = pj, 
and so n(0j) = pj for j = 1, 2, 3, 4, 5. Since cells are only joined at the corners, this is 
enough to give us the addresses for the entire critical set; thus, C = {02j, OAj | j G X} . 
Notice that in this self-similar structure, only the points pi and p4 are mapped to boundary 
points. The post-critical set is then given by 7? = {0,02,04}. 

More precisely, we examine the self-similar structure and write down the equivalence 
classes as follows: 

020w - 021k;, 022w - 023w, 024w ~ 025w, 

040w - 0A5w, 041u> - 042w, 043w - 044w. 

Applying our construction from Section [5] we get a group Gc generated by the nine ele- 
ments with wreath recursions 

aoi = (01), a 23 = (23), a 45 = (45), 

and 

b = (60,1,001,1, 1,1), h = (h, l,a23,l, 1,1), b 2 = (62,1,045,1,1,1), 

63 = (63,1, 1, l,a i, 1), 64 = (64,1,1,1,023,1), 65 = (65, 1,1,1, 045,1). 

Notice that according to our construction, there are six elements in the image ir(C) of the 
critical set, and each of these corresponds to 2 generators, and so one may expect to obtain 
twelve generators. However, upon closer examination, we see that, for example, 7r(020) = 
7r(021) and 7r(040) = 7r(041) both give rise to the generator with wreath recursion (01); 
thus, we see that three generators are redundant, and so Gc is generated by nine elements. 
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Figure 6.7. Hexakun and Lindstr0m snowflake 

We now turn to the Linstr0m snowflake, which is a variation on the hexakun. It is the 
unique non-empty compact space LcC invariant under the injections fo, ■ ■ ■ , fe> where fj 
are the same as above for < j < 5, and fe(z) — z/3. This fractal is like the hexakun, but 
with a scaled copy of itself inserted into the center. Cells of the snowflake still only intersect 
at the "corners;" in particular, fj(L) n f k (L) = {fj(p n ) I fj(Pn) = fk(p m ) for some to} 
contains at most one element. 

Suppose now that there exists some self-similar structure £ = (L,X, {gj}® =0 ) on L 
that has a shift map a. Without loss of generality, we can assume that g%{L) is the first- 
level scaled copy of L in the center. Notice that g%{L) intersects every other cell at one 
point, so ge(po) = 9j{po) for some j, and g%{p\) — gk(pi) for some other k. Then gj(L) 
must intersect gk(L) at one point p, such that g~ 1 (p) = g^ ip) = a (p) lS a boundary 
point adjacent to both p and pi . Since no such boundary point exists, we have arrived at a 
contradiction. Therefore, there exists no self-similar structure on L that admits a shift map, 
and so the Linstr0m snowflake cannot arise as the limit space of a contracting group. 
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